Abstract: Let S be a compact surface of hyperbolic type. We show that, for any pair (g + , g − ) of points in the Teichmüller space of marked hyperbolic metrics of S, there exists a unique marked GHMC Minkowski spacetime such that (S, g + ) and (S, g − ) embed isometrically as locally strictly convex Cauchy surfaces in its future-and past-complete components respectively.
1 -Overview. We first recall various definitions (we refer the reader to [5] for a more thorough discussion). A Minkowski spacetime is a semi-riemannian manifold which is everywhere locally isometric to R 2,1 . A smoothly embedded curve in a Minkowski spacetime is said to be causal whenever its derivative has non-positive norm-squared at every point. A Minkowski spacetime is itself said to be causal whenever it contains no non-trivial closed causal curve. A causal spacetime is said to be globally hyperbolic whenever it contains a Cauchy hypersurface, that is, a smoothly embedded hypersurface that meets every inextensible causal curve exactly once. A globally hyperbolic spacetime X is said to be maximal whenever it cannot be embedded into a strictly larger globally hyperbolic spacetime X ′ in such a manner that the Cauchy hypersurfaces of X are mapped to Cauchy hypersurfaces of X ′ . Finally, a globally hyperbolic spacetime is said to be Cauchy compact whenever its Cauchy hypersurface, which is unique up to diffeomorphism, is compact. A Minkowski spacetime which possesses all the above properties is said to be GHMC (Globally Hyperbolic Maximal Cauchy Compact).
Let S be a compact surface of hyperbolic type. Let GHMC 0 [S] denote the space of all marked GHMC Minkowski spacetimes with Cauchy surface diffeomorphic to S. We recall the explicit parametrisation of GHMC 0 [S] in terms of algebraic data constructed by Mess in [9] (c.f. also [1] ). To this end, we first introduce affine deformations. Thus, let π 1 (S) denote the fundamental group of S. A homomorphism ρ : π 1 (S) → SO(2, 1) is said to be Fuchsian whenever its image acts properly discontinuously without torsion on H
2 . An affine deformation of S is defined to be a pair (ρ, τ ), where ρ is a Fuchsian homomorphism and τ : π 1 (S) → R 2,1 satisfies the ρ-cocycle condition
for all g, h ∈ π 1 (S). Every affine deformation (ρ, τ ) identifies with a homomorphism g → (ρ(g), τ (g)) of π 1 (S) into the twisted product SO(2, 1) ⋉ R 2,1 , where the group law of the latter is given by
In the sequel, ρ will be called the Fuchsian component of the affine deformation, τ will be called its cocycle and the image of the above homomorphism will be denoted by ρ ⋉ τ . Observe that SO(2, 1) ⋉ R 2,1 is the identity component of the group of rigid affine motions of R 2,1 . In [9] (c.f. also [1] ), Mess shows that, for every affine deformation (ρ, τ ), there exists a unique pair K + and K − of convex subsets of R 2,1 such that (1) all supporting normals to K ± are either timelike or null;
(2) K + and K − are respectively future-and past-complete; (2) Σ ± is locally strictly convex in the sense that its shape operator is everywhere positive definite; and (3) Σ ± has constant extrinsic curvature equal to 1.
The intrinsic metrics of Σ ± are hyperbolic and the marking on X induces markings on Σ ± . In this manner Σ ± define points in T hyp [S] , and the function Φ is given by Φ(X) = (Σ + , Σ − ).
In this note, we prove
Remark: In particular, for any pair (
, there exists a unique marked GHMC Minkowski spacetime X such that Σ + and Σ − embed isometrically as locally strictly convex Cauchy surfaces in its future-and past-complete components respectively.
Remark: Theorem 1.1, together with a formal adaptation of the arguments of [8] and [10] , yields existence also in the case of variable curvature. That is, for any pair (g + , g − ) of marked, smooth, negative curvature metrics over S, there exists a marked GHMC Minkowski spacetime X := X + ∪ X − such that (S, g ± ) embeds isometrically into X ± .
2 -Proof of result. Given a hyperbolic metric h over S, a Codazzi field of h is defined to be a smooth section M of End(T S) such that
(1) M is symmetric with respect to h; and
, where the covariant derivative is also taken with respect to h.
Recall now from [7] that, given two marked hyperbolic metrics h and h ′ , there exists a unique Codazzi field B := B(h ′ , h) of h such that This field is referred to as the Labourie field of h ′ with respect to h. Consider now the function F :
In Bonsante, Mondello & Schlenker also determine a formula for the derivative of this functional. For the reader's convenience, we provide a simpler proof of this relation. First recall that infinitesimal variations of a given hyperbolic metric are given by trace-free Codazzi fields of that metric (c.f. [11] ). We now have
Lemma 2.2
For every trace-free Codazzi field A of h,
Proof: Denote B := B(h ′ , h) and identify h ′ with h(B·, B·). Consider an infinitesimal perturbation of h given by the trace-free Codazzi field A, that is δh = h(A·, ·).
By definition,
Tr(A) = 0, and
where ∇ here denotes the covariant derivative of h. Let δB be the resulting infinitesimal variation of the Labourie field. It follows that
for some vector field X. From this we deduce that
where M := ∇(BX). Composing with B −1 and taking the trace then yields
Finally, since A is trace-free, the resulting infinitesimal variation of the area form dArea h vanishes. It follows that
and the result now follows by Stokes' Theorem.
The following orthogonal decomposition will also prove useful.
Lemma 2.3
Let h be a hyperbolic metric over S. For every Codazzi field M of h, there exists a unique smooth function f : S → R and a unique trace-free Codazzi field A of h such that
where Hess h here denotes the Hessian with respect to h. Furthermore, this decomposition is orthogonal with respect to the L 2 -norm of h.
Proof: Indeed, let f : S → R be the unique solution of
and define
Since A is a trace-free Codazzi field, the first assertion follows. The second assertion follows by Stokes' Theorem (c.f. [11] ), and this completes the proof.
Having established these preliminaries, we now prove Theorem 1.1.
Proof of Theorem 1.1: The main work lies in proving surjectivity. Thus, let h 1 and h 2 be marked hyperbolic metrics in T hyp [S] . Consider the function Ψ :
As this function is proper and strictly convex with respect to the Weyl-Peterson metric, it attains a unique minimum at some point h 0 , say. Let ρ be the point of T rep [S] corresponding to h 0 . We will show that ρ is the Fuchsian component of an affine deformation whose corresponding marked GHMC Minkowski spacetime X solves Φ(X) = ((S, h 1 ), (S, h 2 )).
By (4) , at this point
for every trace-free Codazzi field A of h 0 . It follows by Lemma 2.3 that
for some smooth function f : S → R. Now identify S with the quotient of H 2 by ρ(π 1 (S)) and identify B(h 1 , h 0 ), B(h 2 , h 0 ) and f with their lifts to H 2 . Next identify H 2 with the future component of the unit pseudo-sphere in R 2,1 and identify T H 2 with a subbundle of the trivial bundle H 2 × R 2,1 . In particular, this identifies the fields B(h 1 , h 0 ) and B(h 2 , h 0 ) with sections of T * H 2 ⊗R 2,1 . Given a base point x 0 ∈ H 2 , the functions X 1 , X 2 : H 2 → R 2,1 are defined by
where U 1 and U 2 are constant vectors to be determined. Indeed, since B(h 1 , h 0 ) and B(h 2 , h 0 ) are Codazzi tensors, both integrals are well-defined independent of the paths chosen from x 0 to x. The functions X 1 and X 2 define respectively future-and past-oriented strictly convex embeddings of constant unit extrinsic curvature. Furthermore, these embeddings are equivariant with respect to the affine deformations (ρ, τ 1 ) and (ρ, τ 2 ) respectively, where the cocycles τ 1 and τ 2 are given by
It remains to show that τ 1 = τ 2 . However, in the present context, the support functions of X 1 and X 2 are given respectively by φ 1 (x) := X 1 (x), x , and φ 2 (x) := − X 2 (x), x .
and it follows upon integrating (8) that
We therefore set
where d(x, x 0 ) here denotes the distance in H 2 from x 0 to x. Recall now that φ 1 and φ 2 define continuous functionsφ 1 andφ 2 over ∂ ∞ H 2 (c.f. [3] ). Furthermore, the convex hulls in co-Minkowski space H 2 × R of the graphs of these functions are the dual convex sets of the Mess' future-and past-domains of (ρ, τ 1 ) and (ρ, τ 2 ) respectively. By (10),φ 1 =φ 2 . It follows that these Mess' future-and past-domains are components of the same GHMC Minkowski spacetime. Since this uniquely defines the cocycle, we conclude that τ 1 = τ 2 , and surjectivity follows.
Observe now that if X is the GHMC Minkowski spacetime associated to the affine deformation (ρ, τ ), if h ∈ T hyp [S] is the marked hyperbolic metric corresponding to ρ, and if Φ(X) = ((S, h 1 ), (S, h 2 )), then h is in fact the unique minimum of the function Φ h 1 ,h 2 defined above. This proves injectivity. Finally, by elliptic regularity, Φ is analytic, and since Ψ is strictly convex, analyticity of Φ −1 follows by the inverse function theorem for analytic functions. This completes the proof.
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